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Abstract 
We introduce the completely positive rank, a notion of covering di- 
^s^ ■ mension for nuclear C* -algebras and analyze some of its properties. 

r~^ ' The completely positive rank behaves nicely with respect to direct 

I*^ , sums, quotients, ideals and inductive limits. For abelian C* -algebras it 

coincides with covering dimension of the spectrum and there are similar 
^3 ' results for continuous trace algebras. 

fH , As it turns out, a C*-algebra is zero-dimensional precisely if it is 

AF. We consider various examples, particularly of one-dimensional C*- 
I ^ algebras, like the irrational rotation algebras, the Bunce-Deddens algebras 

P^ . or Blackadar's simple unital projectionless C* -algebra. 

Finally, we compare the completely positive rank to other concepts of 
noncommutative covering dimension, such as stable or real rank. 



H 

c^ , 0. Introduction 



The theory of C*-algebras is often regarded as noncommutative topology, mainly 
because any abelian C*-algebra is completely determined by its spectrum, a 
locally compact space. So C*-algebras might be thought of as noncommutative 
topological spaces and this point of view has been very fruitful, especially since 
the introduction of methods from algebraic topology (such as Ext or iiT-theory) 
to C*-algebra theory. 

It is thus natural to look for invariants of topological spaces which can be 
defined analogously for C*-algebras. A good candidate for such an invariant 
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certainly is topological covering dimension and there have been several successful 
approaches in this direction, especially the stable and the real rank, introduced 
by Rieffcl and by Brown and Pedersen, respectively. It is the aim of these 
notes to introduce another version of covering dimension, this time for nuclear 
C* -algebras. 

It is well-known that a C*-algebra A is nuclear if and only if it has the com- 
pletely positive approximation property, i.e. the identity map on A can be ap- 
proximated by completely positive contractions of the form A — > F — > A 
with finite-dimensional C*-algebras F. By a system of c.p. approximations we 
then mean a net {{F\,tp\,(p\))A with A — ^ Fx — ^ A as above such that 
y'AoV'A ^^ id^ pointwise. 

An important step towards a better understanding of such systems of c.p. ap- 
proximations certainly is the notion of generalized inductive limits and (strong) 
NF algebras introduced by Blackadar and Kirchberg. The present paper might 
also be viewed as a step in that direction, for we use special structural properties 
of c.p. approximations to obtain a topological invariant. 

The triples {Fk, ^k,Vk) niay be thought of as analogues of open coverings of 
spaces and, imposing a certain condition on the ipk, can be used to define the 
completely positive rank of A, cpr A, our notion of noncommutativc covering 
dimension. 

As one would expect from a generalized dimension theory, for commutative 
C*-algebras Co{X) we have cpr(Co(^)) = dimX, where dimX denotes ordi- 
nary covering dimension of the spectrum. The completely positive rank be- 
haves nicely with respect to direct sums, quotients, ideals and inductive limits, 
i.e. cpr (A Q) B) — max(cpr A, cpr i?), cpr{A/J) < cpr A, cprJ < cpi A and 
cpr (lim^ Ak) < lim cpr At-. 

AF algebras, which are inductive limits of finite-dimensional (in the vector 
space sense) C*-algebras, are easily seen to have completely positive rank zero, 
but it turns out that conversely cpr^l = implies that A is AF. 

It is not hard to see that AT algebras have completely positive rank smaller 
than one. In particular Bunce-Deddens algebras and irrational rotation algebras 
are on-dimensional, just as Blackadar's simple unital projectionless C*-algebra. 

As we pointed out before, the completely positive rank of a commutative C*- 
algebra is equal to the covering dimension of its spectrum. One might ask if this 
also is the case in more general situations, e.g. for continuous trace algebras. It 
turns out that in fact cpr^ < dim A for any continuous trace algebra A. If the 
dimensions of the irreducible representations oi A are (at least locally) bounded, 
then for the strong completely positive rank we even have equality. 

We also compare the completely positive rank to other concepts of noncom- 
mutativc covering dimension such as stable, real, analytic and tracial rank. Al- 
though we do not have general results, our examples show that the completely 
positive rank does not coincide with any of these other concepts; it might well 



be that it dominates the real and the stable rank. 

The paper is organized as follows. First we give a brief survey of completely 
positive maps and nuclear C*-algebras. In Section 1.3 we have collected a 
number of technical results on positive elements and projections which will be 
needed later. 

Section 2 recalls the notion of topological covering dimension and some several 
well-known results. We slightly modify the notion of the order of an open cov- 
ering and give another characterization of covering dimension, which motivates 
the introduction of the completely positive rank in Section 3. 

There we note some basic features of the theory and show that, for commu- 
tative C*-algebras, it coincides with covering dimension of the spectrum. 

Section 4 is concerned with the zero-dimensional case; 4.1 contains an explicit 
description of maps of strict order zero and in 4.2 we prove that a C* -algebra 
has completely positive rank zero if and only if it is AF. 

Next we recall some facts on continuous trace algebras and show that cpr A < 
dim A for such C*-algebras. 

The completely positive rank is compared to other concepts of non-commutative 
covering dimension in Section 6. 

Finally, in Section 8 we note some open questions related to the completely 
positive rank and very roughly outline possible variations of the concept. 

I would like to thank my advisor, Prof. J. Cuntz, for drawing my attention to 
this subject and for many useful comments. I also thank Prof. B. Blackadar, 
Prof. S. Echterhoff and Prof. N. C. Phillips for many hints and discussions. 
Furthermore, a big "Dankeschon" to H. Kissing for providing excellent working 
conditions. I am gratefully indebted to G. Weckermann, who converted an 
almost unreadable manuscript into this paper (it was hard to convince her that 
not all nuclear C* -algebras are unclear). Finally, it is a pleasure to thank 
my friend and colleague B. Neubiiser for his invaluable help in dealing with 
unfriendly computers and, of course, for lots of fruitful discussions. 



1. c*- algebra preliminaries 
1.1 Completely positive maps 

For the convenience of the reader we give a brief survey of completely positive 



maps. A good general reference is [Pa 



1.1.1 A linear map ip : A ^ B between C* -algebras is called positive, if (^(A+) C 
i?+; it is then automatically ^-preserving, ip is n-positive, if the induced map 
(p*^"^ : Mn{A) -^ Mn{B) is positive, and completely positive (c.p.), if it is n- 
positive for all n e N. li A and B are unital and ip{lA) = Is, we say ip is unital 
completely positive (u.c.p.). 
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It makes sense (and will be useful) to allow also completely positive maps 
between operator systems, i.e. unital self-adjoint linear subspaces of unital C*- 
algebras (or even between operator spaces, i.e. linear subspaces of C*-algebras). 

Clearly, all >i=-homomorphisms are completely positive, li ip : A ^ B is 
c.p. and h € B^ then the map fhi-) '■= h*ip(.)h is c.p. as well. One has 
\\(p\\ = ||<y5*-"''|| = limA ||(p(ua)||, where (ma)a is some positive approximate unit 
for A with ||ma|| < 1 VA e A. We will deal almost exclusively with contractive 
(i.e. norm-decreasing) c.p. maps. 

1.1.2 Many results on completely positive maps in the literature are stated for 
unital maps, but one can often give nonunital versions using the following facts: 



Lemma: (| CE1 |, Lemma 3.9) Let A, B be C* -algebras and ip : A ^ B a com- 
pletely positive contraction. Then ip extends (uniquely) to a unital completely 
positive map p^ : yl+ -^ i?+. 



1.1.3 Lemma: (| CE2|| , Lemma 2.2) Let X be an operator system in some 



C* -algebra, N a von Neumann algebra and ip : X ^ N completely positive. 
Then there is a unital completely positive map a : X ^ N such that (p{a) = 
(p(l)5cr(a)^(l)5 ya£X. 

1.1.4 The importance of completely positive maps largely comes from their 
characterization as compressions of ^-ho momo rphisms given by Stinespring. We 



state Lance's version of this theorem ([ Lai , Theorem 4.1), which does not 
assume A to be unital. The proof is a generalization of the GNS-construction. 

Theorem: Let A be a C* -algebra and tp : A —>■ B{Ti.) a completely positive 

map. 

Then there are a Hilbert space Ti' , a ^-homomorphism tt : A — > B{TL') and a 

bounded operator V :T-C ^ TC' such that 

ip{a) ^V*Tr{a)VyaeA. 



Remark: If ip is unital, V is an isometry and Ti. may be regarded as a subspace 
of W. With this identification we have ip{a) = Pn''^{o-)PH: so indeed (p is a 
compression of a ^-homomorphism. 



1.1.5 Corollary: (cf. |BK1|, Corollary 4.1.3) Let A, B be C*-algebras and 
ip : A ^ B completely positive contractive. 

For all X ^ A we have ip{x*x) > ip{x)*ip{x). If ip{x*x) — ip{x)*ip{x), then 
ip{yx) = (p{y)(p{x) for all y e A. 

1.1.6 Proposition: Let A, B be C* -algebras, ip : A ^ B completely positive 
contractive, x G A with \\x\\ < 1 and such that \\ip{x*x) — ip{x)* ip{x)\\ < e for 
some £ > 0. 

Then \\ip{yx) — ip{y)ip{x)\\ < \fe for all y G A with \\y\\ < 1. 



Proof: This is a variation of |BKl[, Corollary 4.1.5. We may assume A and 



ip to be unital and B = B(Ti). By Stinespring's theorem we have that p{a) 
pTi{a)p Va G A, where tt : A -^ B{Ti') is a ^-representation and p E B{T-i') is the 
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projection onto Ti. c W, i.e. B{H) = pB{H')p. 
Then we get 

\\n{x)p — pn{x)p\\ = \\ptt{x*x)p — ptt{x*)ptt{x)p\\ = \\ip{x* x) — (p{x)* (p{x)\\ <e, 

hence \\Tr{x)p ~ pTr{x)p\\ < y/e. Finally 

\\(p{yx) - (p{y)ip{x)\\ = \\pTT{y)TT{x)p - pTT{y)pTT{x)p\\ < y^ . 

D 

Remark: Note that the condition of the preceding proposition is fulfilled, if 
X > and \\ip{x) — fix)"^]] < e, since < fix"^) — f{xy < (p{x) — fix)"^. 

1.1.7 We will also need Arveson's extension theorem, which says that, for any 
Hilbert space H, B{TC) is injective in the category of operator systems with 
completely positive maps. 

Theorem: Let Y d X be operator systems in some C* -algebra, ip : Y —i- B(Ti.) 

a completely positive map. 

Then Lp extends to a completely positive map (p : X ^ B{Ti.). 

1.2 Nuclear C*-algebras 

We recall the notion of nuclear C* -algebras and some structure results. For 



more information and for attributions see |La2 or [Wa|. 

1.2.1 In general there are many C*-norms on the algebraic tensor product AqB 
of two C* -algebras but there is always a maximal and a minimal one. A is called 
nuclear, if for any B there is only one C*-norm on Aq B, i.e. || • ||,nax — \\ ■ ||min- 

Many of our stock-in-trade C*-algebras are nuclear: 

• finite-dimensional C*-algebras 

• abelian C* -algebras 

• inductive limits of nuclear C*-algebras, in particular AF algebras 

• continuous trace C*-algebras 

• extensions of nuclear by nuclear C* -algebras 

• ideals and quotients of nuclear C* -algebras 

• tensor products of nuclear C*-algebras 

are all nuclear. 

1.2.2 Definition: We say that a C* -algebra A has the completely positive 
approximation property, if the following holds: 
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For ai, . . . , Ofc S A and e > there are a finite- dimensional C* -algebra F and 
completely positive contractions ip : A —f F and ip : F —> A such that 

\\ipij{ai) - flill < e V« . 

We call the triple {F,^,Lp) a c.p. approximation within e for {ai, . . . ,afc}. A 
system of c.p. approximations for A is a net {{F\,Tp\, V5a))a of c.p. approxima- 
tions .such that ipx^px ~* id^ pointwise. 

We will almost exclusively deal with separable C*-algebras, thus it will always 
suffice to consider systems with index set A = N. 

1.2.3 Remarks: (i) This definition will be crucial for our notion of noncom- 



mutative covering dimension: In Definition 3.3 we will replace open coverings 



of order n (cf. Definition 2.1) by c.p. approximations (_F, '0,(^) together with an 
extra condition on ip. 

(ii) Instead of studying a nuclear C*-algebra it is as good to analyze the prop- 
erties of its systems of c.p. approximations. One approach in this direction is 
the notion of generalized inductive limits (and that of (strong) NF algebras) 



introduced by Blackadar and Kirchberg in [ BKl | . 

The present paper should also be viewed as an attempt to study the fine struc- 
ture of nuclear C*-algebras in terms of systems of c.p. approximations. 



1.2.4 We then have the following characterization of nuclearity (cf. |Wa|, Propo- 
sitions 2.1 and 2.2): 

Theorem: A C* -algebra A is nuclear if and only if it has the completely 
positive approximation property. 

1.2.5 A C*-algebra A is said to have the lifting property, if for any C*-algebra 
B containing an ideal J every completely positive contraction ip : A —^ B / J has 
a c.p.c. lifting -tjj : A ^ B, i.e. one has a commuting diagram 

B 

3-4, / 

/ 
/ 

A -^BjJ . 



Theorem: (Choi-Effros Lifting Theorem, |CE1], Theorem 3.10) Every sepa 



rable nuclear C* -algebra has the lifting property. 

1.3 Some technicalities 

1.3.1 We first introduce some notation which is used frequently throughout 
the paper. For positive numbers a and e define positive functions in C{R) as 
follows: 

{0 for t < a 
t for a + e < i 
linear elsewhere 



1.3 Some technicalities 



and 




for t < a 
Ja,s{t) -^ { 1 ior a + e <t 
elsewhere ; 

we write ga for the characteristic function of [a, cxd]. If ft, is a positive element in 
some C*-algebra A, then \\fs^s{h) — h\\ < e. If the spectrum ct(/i) is disconnected, 
say CF{h) C [0, e] U [1 — e, 1] for e < 5, then gi (h) is a projection. For the moment 
set 

( for t < £ 

/~(i) := < i^i forl-e<i 
I linear elsewhere , 

then f^{h)h — hf^{h) — gi{h). In this case we also write h^^ for f^{h) to 
indicate that f~{h) is the inverse of h, taken in gi{h)Agi{h). 

1.3.2 Recall that elements x,y in a C*-algebra A are said to be orthogonal, 
X J- y, if xy — yx = x*y = xy* = 0. Subsets X,Y C A arc orthogonal, X J. Y, 
if X J- y for all x G X and y E Y. 

If x,y E Asa, then xy = 4^ yx = 0. If x,y E A+ and < x' < x, < y' < y, 
then X J- y ^ x' J- y' . 

1.3.3 Let i? be a C*-subalgebra of the C*-algebra A. B is said to be a hereditary 
subalgebra, B Cher A, if 

0<a;<y, y E B => x e B. 

Any ideal in A automatically is hereditary. If B has a strictly positive element 
h (or, equivalently, if B is a-unital), then B = hBh = hAh. On the other hand, 
if h £ A+ is any positive element, then hAh Cher A and h is strictly positive 
for hAh. We write Ah for hAh; note that, if h happens to be a projection, then 
hAh = hAh. 
If a, 6 e A+, then a _L & if and only if Aa -L Ai,. 

1.3.4 Proposition: Let A be a C* -algebra, d> h £ A^, \\d\\ < 1, x G A with 
\\x\\ <1 ande>0. If\\{l-h)x\\ < e, then ||(l-d)x|| < ^e. 

Proof: 11(1 - d)x\\'^ = \\x*{l - d)'^x\\ < \\x*{l - d)x\\ < \\x*{l - h)x\\ < e. D 

1.3.5 Proposition: Let A be a C* -algebra and h E A_|_, \\h\\ < 1, such that 

\\h~h^<e<l. 

Then there is a projection p € C'*{h) C A with \\p — h\\ < 2e. Furthermore, php 

is invertible in pC*{h)p and for c := {php)~2 one has \\p — c\\ < 4e. 



Proof: This is an argument used frequently in iiT-theory, cf. e.g. [We|, Lemma 
5.1.6. If t e a{h), thenO< t-t2 < e < i, so a{h) C [0, i - (5] U [i + (5, 1], where 
(5:= iVl-4e>0. 
But then gi is continuous on cr{h) and p := gi{h) is a projection satisfying 

\\p-h\\ = \\g^ih)-id{h)\\<^-S<2e 
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(see 1.3.1 for the definition of ga). Finally, (php) 2 = f{h), where 





fit) 



r 



and 



has 



\\p-c\\^\\9i{h)-f{h)\\< 



for t< ^-S 
for t>^ + 5 



- 1 < 2 



(5 < 4£ . 



D 

1.3.6 Corollary: Let A be a C* -algebra, < S < jr and p,q £ A projections 

satisfying \\pq\\ < 6. 

Then there is a projection p £ A with p -L q and \\p — p\\ < 14,6. 

Proof: Set h -.^^ (1 - q)p{l ~ q), then 

\\h-p\\ = \\qpq - qp - pq\\ < \\qp{'L - q)\\ + \\pq\\ < 26 . 

Furthermore we have 

\\h' - h\\ < \\h'-ph\\ + \\ph - p\\ + \\p - h\\ < 66 , 



and by Proposition 1.3.5| there exists a projection p £ C* {h) C A satisfying 
\\p - h\\ < 12(5, thus \\p - p\\ < 146. Obviously p ± q. □ 

1.3.7 Proposition: Let p,q be projections in a C* -algebra A with \\p — q\\ < 
77 < i Then there is a partial isometry s £ A such that s*s = p, ss* — q and 
\\s — pII < 477. 

Proof: This basically is [CuS], Lemma 2.2. If necessary, we adjoin a unit to A. 
Define symmetries x := 2p — 1 and y := 2q — 1, then there is h £ Asa with 
(t(/i) C (— tt, tt) such that xy — e*''. Also, one readily checks that || 1 — xy\\ < 4r]. 
Set u := e^^, then it is not hard to see that ||u— 1|| < 47^ as well. As in |Cu3|, 
Lemma 2.2, one checks that uxu* — y, thus upu* = q and u*qu = p. 
Set s := up £ A, then s*s = p, ss* = q and 

\\s ~ p\\ < \\u- 1|| < 477. 



D 

We close with some simple technical observations which will be useful in Sec- 
tion 3. By U{Mr) we denote the unitary group of M^. 

1.3.8 Lemma: (i) Let ei, . . . , e^ £ Mr be minimal projections such that the 
corresponding unit vectors ^,; £ C are linearly independent. Then ei + . . . + e^ 
is (positive and) invertible in Mr, i.e. 1m^ < A • (ei + . . . + e^) for some A > 0. 
(a) Lf p £ Mr is a minimal projection and ^ ^ lA <Z U{Mr) an open subset of 
U{Mr), then there are unitaries ui, . . . ,Ur £ hi such that u^pui + . . . + u*pUr 
is invertible in Mr. 



Proof: (i) If ei + . . . + e^ is not invertible, then there is some 77 G C such that 
(in (bra|-|ket) notation), 

= (»7|ei + . . . + er\ri) = {r^\ei\ii) +... + {'q\er\ri). 

But then {rj\ei\r]) = Vi; in particular 77 is orthogonal to all the £,i. We would 
thus have r + 1 linearly independent vectors in C, a contradiction. 
(ii) follows from (i), for, since U is open, one can choose unitaries ui, . . . ,Ur 
in U such that ui^, . . . , u^C are linearly independent (where ^ denotes a unit 
vector corresponding to p). D 



1.3.9 Remark: We shall use Lemma 1.3.S frequently in the following context 



Let A, F be C*-algebras, F finite-dimensional and ip : F ^ A he c.p.c. 
Suppose Mr sits in i^ as a hereditary subalgebra and % ^U d U{Mr) is open. 
Consider minimal projections e, e € F such that e G M^ and e _L M^. Then the 
lemma implies that there are unitaries ui, . . . ,Ur € U such that h := u^eui + 
. . . + u*eUr is invertible in M^, hence Im^ < ^ ■ h for some A > 0. 
As a consequence, if (p{u*eu) _L (p{e) \fu G U, we have (/3(lj\/^) _L (p{e). 

2. Topological covering dimension 

In this section we recall the notion of topological covering dimension, describe 
some of the most important properties and give an equivalent characterization. 



See |Pe and [En| for further information. 



2.1 Recall the definition of the covering dimension of a topological space: 



Definition: (|Pe|, Definition 3.1.1) Let X be a topological space. 



a) The order of a family {U\)a of subsets of X does not exceed n, if for any 
n + 2 distinct indices Aq, . . . , A„+i G A we have n"=o ^A; = 0- 

b) The covering dimension of X does not exceed n, dim A < n, if every finite 
open covering of X has an open refinement of order not exceeding n. We say 
dim A = n, if n is the least integer such that dim A < n. 

2.2 One of the original motivations for dimension theory was to find a distin- 
guishing invariant for the Euclidean spaces R"; in fact one has dimR" — n. 

Let iiT C A be a closed subset, then dim A' < dim A. If A is, say, compact and 
metrizable, we even have dim A = max{dimA, dim(A \ K)}. For nonempty 
compact spaces we have dim(A x Y) < dim A + dimY. 

2.3 We shall also need the following result, often referred to as the countable 
sum theorem: 



Theorem: ([Pe|, Theorem 3.2.5) Let X be a normal space such that X — 
UzGN^« /'''' closed subsets Ai with dim A.; < n. 
Then dim A < n. 

2.4 Proposition: ([Pel, Corollary 8.1.7) Let X = lim^ Aq, for an inverse 
system (X^, 'na, [3)0, pen of compact spaces Aq, with dim Aq < n for each a G r2. 
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Then X is compact and dimX < n. 

2.5 There is a nice characterization of zero-dimensional locally compact spaces 



(cf. |§ij, Theorem 1.4.5): 

Proposition: For a locally compact space X , the following are equivalent: 
(i) dimX ==0, 

(a) X is totally disconnected, i.e. it has no connected subspace consisting of 
more than one point. 

2.6 Example: A typical example of a zero-dimensional space is the Cantor set 
C, which may be obtained by the classical middle thirds construction or as the 
cartesian product {0, l}'^. It is typical in the sense that it is a universal space 
for all zero-dimensional second countable locally compact spaces, i.e. every such 



space can be embedded into C (cf. [En|, Theorem 1.3.15) 



2.7 Our goal is to define an analogue of covering dimension for nuclear C*- 
algebras, using c.p. approximations. We could do this along the lines of Defini- 



tion 2.1, but the resulting condition on the approximations would be somewhat 
unnatural. We therefore introduce another characterization of covering dimen- 
sion, which is certainly well-known to topologists, although we could not find it 
in the literature. 

Definition: The strict order of a family {Ux)a of subsets of a topological space 
X does not exceed n, if for any n + 2 distinct indices Aq, . . . , A„+i G A there 
are i,j £ {0,. . . , n -I- 1} such that U\- fl U\j = 0. 

2.8 Proposition: Let X be a normal space. T.f.a.e.: 
i) dim A < n 

ii) every finite open covering of X has a (finite) open refinement of strict order 
not exceeding n. 

Proof: b) => a) is immediate. We show a) => b): 

Take a finite open covering of X. Because dim A < n, there is an open re- 
finement (C/^)a of order not exceeding n. By a standard argument (cf. |Pe|, 
Proposition 3.1.2) we may assume A to be finite and set k := |A|. 
Take a partition of unity (/ia)a subordinate to (C/^)a and set 

then {U\)a also is a refinement of order not exceeding n. It suffices to find an 
open refinement (Ky)r oi {Ux)a of strict order not exceeding n. 
View (/ia)a as map h : X ^> K <Z Afc_i C M*^, where Afe_i is the standard 
simplex in R*"' and K C Afc_i is the minimal subcomplex of Afc_i containing 



h{X) (s. ESl, Ch. 2 or [Pe|, 2.6 for an introduction to simplicial complexes). 
Let u\ be the vertices of Afc_i and Ax be the open stars around w^, A G A. Then 
Ux — h^^{Ax)\ as {Ux)k bas order less than or equal to n, we have dimAT < n 
(note that dim A = dim A, where dim A is the (combinatorial) dimension of the 
(abstract) simplicial complex A, the geometric realization of which is |A| w A). 

Let now Sd A be the barycentric subdivision of A with vertices v^ and open 
stars B.^,7eL (cf. |ES| 2.6). 



11 



Set Vj := h~^{B^), then (V^)r is a refinement of (C/a)a; (^)r is of order less 
than or equal to n, as dim(Sd_R') = dm\K < n. Note that {V^)r is of strict 
order not exceeding n if the following condition on SdK holds: 

(*) for any distinct vertices Vj„, . . . ,v^^_^-^ of SdK there exist indices «,j S 
{0, ... ,n + 1} such that v^. and v^^ do not sit in one and the same face 
of Sd iiT, i.e. v^. and v-y. are not connected by an edge of SdiiT. 

The vertices Vj of SdK are exactly the barycenters of simplexes s^ of K. But 
then Vjg,... ,Vj^ span a simplex in Sd iiT, if s^. is a face of Sry.^-, in ii' for 



0, . . . ,q — 1, and every simplex in SdK is of this form (cf. |E5] 2.6) 



Let now w^^, . . . ,Vj^ be distinct vertices of Sdii", such that Vj. is connected 
to Vjj by an edge in Sdif if i 7^ j. But then dims^^ 7^ dims^^, because s^. is a 
proper face of s-yj or vice versa. 
As < dims-y < n V7, we have q < n. Thus (*) holds and we are done. □ 



3. Completely positive rank 

In this section we define the completely positive rank and deduce some basic 
properties. In particular we show that, for commutative C*-algebras, our theory 
coincides with covering dimension of the spectrum. 

3.1 As we already pointed out, we regard a c.p. approximation {F^ip^Lp) for a 
nuclear C*-algebra A as an analogue of an open covering. The strict order of 
such a c.p. approximation is then expressed as a condition on ip: 

Definition: Let A, F be C* -algebras, F finite- dimensional. 

a) We say a set {eq, . . . , e„} d F is elementary, if the e^ are mutually orthog- 
onal minimal projections. 

b) A completely positive map ip : F —f A is of strict order not exceeding 
n, ord (p < n, if the following holds: 

For every elementary set {eg, . . . ,e„+i} C F there exist i,j S {0, ... ,?i + 1} 
such that (p{ei) _L (p{ej). 

3.2 Remarks: Let F be finite-dimensional, A — Cq{X) for some locally com- 
pact space X and ip : F -^ A a c.p. contraction. 

(i) li F = C'^' for some fc, then we have ord(/3 < n if and only if the family of 
open sets 



{^{e,r\{0,^))\ 



is of strict order n in the sense of Definition 2.7. 

(ii) If ord(/3 < n, then for every set {po, . . . ,p„+i} C i*" of mutually orthogonal 

projections, we have ip{pQ) . . . p{pn+i) = 0; this is equivalent to saying that 

nrV(Kr'((o,cx3)) = 0. 

3.3 We are now ready to define our notion of noncommutative covering dimen- 
sion: 
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Definition: Let A be a C* -algebra. The completely positive rank of A is less 
than or equal to n, cpv A < n, if the following holds: For ai, . . . , a^ G A and 
£ > there exists a c.p. approximation {F, ip, ip) for {ai, . . . , ak\ within e such 
that the strict order of ip does not exceed n. 
We say cpr A = n, if n is the least integer such that cpr A < n. 

3.4 Remark: cpr A < oo in particular implies the existence of c.p. approxi- 
mations, thus A must be nuclear. 

3.5 The next result says that, for a commutative C*-algebra, the completely 
positive rank is less than or equal to the covering dimension of the spectrum. 
We will see later that in fact they are equal. 

Proposition: Let X be a second countable locally compact space. Then 
cpr(Co(X)) < dimX. 

Proof: Let n := dimX and ai, . . . , a^ € C{){X) and £ > be given. Choose 
a compact subset K G X such that |ai(x)| < | for x G X\K and \ < i < k. 
Then there is an open covering Uq, . . . ,Ur oi X with Uq = X\K and such that 
\ai{x) — ai(y)| < |e for a;, y e [/j , ^i,j (here we used that K is compact). 
Because dimX = n, there is a refinement {Vi)si gx with the following prop- 
erties: 

(1) \ai{x) -a,{y)\ < §£ for a;,y e Vi , Mi, I, 

(2) for every I e {1, . . . , s} there exists Xj e 1^ such that xj ^ {Ji^riVi, 

(3) (V;){i ...s} has strict order no greater that n. 

Take a partition of unity (ft.;){i^... ,s} subordinate to {Vi)si^ gx. Because X is 
normal, there is a function d : X -^ [0, 1] such that d E Cq{X) and d{x) ~ 1 for 
X G {a;i, . . . ,Xs} U K. 
Set h'l :— hi ■ d, I ^ I, . . . ,s, and note that /ij G Co{X), h\{xi) — IV I and that 

(/i;^^((0, l])){i,...,s} has strict order less than or equal to n. Also, ^^ h'i{x) = 1 
ii X Cz K. We are now prepared to define 

F :=C" 

ijj : CoiX) -^ F , ■>p{a) := (a(xi), . . . , a{xs)) and 

ip:F^Co{X), p{ei):^h'i. 

For x G X wc obtain for every i: 

s s 

\pii{ai){x) - ai{x)\ < \'^ai{xi)h[{x) -'^ai{x)h[{a 

1=1 1=1 



^^ai{x)h[{x) ~ ai{a 



1=1 



< 



J2 \a^{xl) - a,{x)\h'i{x) + I J2 Ki^) - 1| l«*(2^)l 



1=1 



< ^^Y.^i^'^^ + l 
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because \ai{xi) — ai{x)\ < |e, if h[{x) > and |ai(a:)| < |, if | J2Ki^)\ "^ 1- 
Therefore, cpr {Co{X)) < n and the proof is complete. □ 

3.6 Remarks: (i) It follows from the proof that, if A is commutative, the 

approximating algebra F may be chosen to be C for some s G N. 

(ii) At the end of this section we will prove that in fact cpr (Co{X)) = dimX 



(Proposition 3.15) 



3.7 Proposition: Let X be a second countable locally compact space and 
r e N. Then cpr (Co(X) (g) Mr) < dimX. 

Proof: It obviously suffices to approximate elements of t he form qj (8) 6,- f or 



aj £ Co{X), bj e Mr, j = 1, . . . ,k. By Proposition |3^ and Remark |3.6|(i) 
there is a c.p. approximation {F, ip, (p) within s for {oi, . . . , Ok} C Ca{X) with 
n := ord (p < dim X and F ^ C for some s. Then {F (g) Mr, ip id, (p ^ id) is a 
c.p. approximation for {ai (g) 6i, . . . , a^ (g) bk}- We show ord {p (g id) < ordt/?: 
We have F(g) Mr ^ Mr® . ■ .® Mr. Now let {eo, . . . , e„+i} C F be elementary, 
then each e^ lives in a summand Mr, because it is minimal. This means e^ = 
Pei ® Qi, where Pe^ is a generator of C* and qi is a minimal projection in Mr- 
If there are i,j G {0, . . . ,n + 1} such that Psi = Pej, then qi _L g^ because 
Ci _L Cj, but then also {(p (g id)(ei) _L ((/p g) id)(ej). 

If the Pe; are pairwise orthogonal, then, because ord(/3 < n, there must be 
i, j G {0, . . . ,n + 1} such that piPa) -L viPej), thus ((p(gid)(ei) _L ((/?(gid)(ej). 
Therefore ord ((^ (g id) < ord p and we are done. □ 



3.8 Remark: Proposition 3.7 will be generalized to continuous trace algebras 
in I Wi]. There we will also show that in fact cpr {Co{X) (g Mr) = dimX. 

3.9 It follows immediately from the definition of covering dimension that, for 
a closed subset K of some space X, dimK < dimX. This carries over to the 
completely positive rank (note that quotients of unital C*-algebras correspond 
to closed subsets of compact spaces): 

Proposition: Let A, B be nuclear C* -algebras, t: : A —» B a surjective *- 
homomorphism. Then cpr _B < cpr A. 

Proof: By the Choi-Effros lifting theorem 1.2.5| , tt has a completely positive 
contractive lift a : B ^ A. 

Let bi, . . . ,bk G B and e > be given. Choose a c.p. approximation (F, -0, p) 
for {a{bi),... ,a{bk)} within e with ord 1^9 < cpr A. Then {F,ipa,'Kp) is a c.p. 
approximation of {bi, . . . ,bk} within e. ord (7r(y9) < ord(p, because tt is a *- 
homomorphism, thus preserves orthogonality. D 

3.10 Proposition: If A and B are C*- algebras, then 

cpr {A(B B) = max(cpr A, cpr B) . 

Proof: Given (ai,6i),... ,{ak,bk) £ A(BB, e > 0, choose c.p. approximations 
{FA,ipA,fA) and {Fb,iPb,'Pb) within e for {oi, . . . ,0^} and for {61,... ,bk}, 
respectively, such that ord {pa) < cpr A and ord {pb) < cpr_B. 
As a consequence, {Fa ® Fb,iPa ffi 4'b, Va ffi Vb) is a c.p. approximation within 
e for (fli, &i), . . . , {ok, bk). Since ord {pa®^b) < max(ordiy9yi,ord93B), we have 
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cpr {A(B B) < niax(cpr A, cprB). Equality follows from Proposition 3.£ 



D 



3.11 The next result is an analogue of Proposition 2.4 

Proposition: Let {Ai,ipij)fi be an inductive system of nuclear C* -algebras 
and A := lim^ Ai. 
Then cpr A < lim cpr Ai . 

Proof: Let ipi : Ai ^ A he the induced maps, then A : 
ai. 



[j^(fii{Ai). Given 
,ak £ A, e > 0, choose z G N such that there are a'l, . . . ,a'f. € (pziA^) 



< f , j = 1, . . . ,k, and such that cpr A^ < lim cpr Ai 



with \\aj — 

By Proposition 3.9 there is a c.p. approximation {F^tp^Lp) (of Lpi{A-i)) within 
I for {a'j, . . . ,ajj,} with ord(p < cprAj. After extending ip to all of A by 
the Arveson extension theorem, [F, ip, ip) is a c.p. approximation within e for 
{ai,.. . ,afc}. □ 

3.12 Proposition: Lei A = lim > A„ be an inductive limit of C* -algebras of 

the form 

A„ = (M^(„4) ® Co(X„4)) ® . . . ® (M^(„_fc„) (g) Co(A„,feJ) , 

where the X„^i are second countable locally compact spaces. 
Then cpr A < lim ^ max,;^i k^ dim(X„.i). 

Proof: Let p„ be the map from An to A. It follows from Propositions 3.9, 
^■7| and |3.10 that cpr(p„(A„)) < maxi^i... ^fc,^(dim(X„.i)). But now A — 
ljj5j pn{An), where the /0„(A„) are nested, so by Proposition 3.11 we have cpr A < 
lim cpr {pn{An)) and the assertion follows. □ 

3.13 Examples: (i) Clearly, finit e-dim ensional C*-algebras have completely 
positive rank zero. By Proposition 3.11 the same holds f or AF algebras. We 
wiU see that in fact cp r A = iflF A is AF (Theorem |4.2.3| ). 

(ii) From Proposition 3.12 it follows that AT algebras (i.e. inductive limits of 
direct sums of matrix algebras over S^) have completely positive rank less than 
or equal to one. In particular, if ^ is a Bunce-Deddens algebra (cf. [ |BD( |) or an 
irrational rotation algebra (cf. ]Ri2| and [EL]), cpr A = 1, since these arc AT 
but not AF. 



(iii) In [BU Blackadar constructed a simple, unital, projectionless C*-algebra, 
which is easily seen to have completely positive rank one, although it is not 
AT. 

The rest of this section is devoted to the proof of the fact that in Proposition 
3.5 we even have equality (Proposition 3.18). However, this turns out to be 



not so easy, because we have to construct refinements of open coverings from 
c.p. approximations {F, tp, ip) with not necessarily commutative algebras F (if 
F = C'^ , this yields an open covering of X by associating to each generator of 
C*^ an open subset of X). If F is the direct sum of matrix algebras, it is not 
clear how to obtain the right open covering of X from (F,ip,ip) (an arbitrary 
copy of C*^ in F will not be good enough, neither will be the copy generated by 
the central projections of F). The key observation is the next lemma. It implies 
that the size of the matrix algebras in F cannot be too large. 
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3.14 Lemma: Let A be a C* -algebra and tp : Mr —^ A be a c.p. contraction. 
Then either ord ip = or ord ip = r — 1. 

Proof: If r = 1, then ord(/3 = and there is nothing to show, so we assume 
r > 1. Let n := ord ip and suppose n ^ 0. We (inductively) construct an 
elementary set Er C Mr, \Er\ = r, such that ip{e) (p{e) 7^ for e, e S Er- This 
will imply n > r — 2; we obviously have n<r— l,son==r— lifriT^O. 
There are orthogonal minimal projections ei, 62 € Mr such that (p{ei) 93(62) 7^ 
0; set E2 := {ei, 62}. Next suppose that for some fc € {2, . . . , r — 1} we have 
constructed an elementary set Ek = {e'l, ■ ■ • ej,} C Mr such that 

p{e'i)p{e'j)^0yi,3G{l,...,k}. 

Choose a minimal projection e'j^^^ € Mr orthogonal to Ek] this is possible since 
k <r. Take e'^ G Ek and identify M2 with (e^ + efc_^jMr(e'j, + e';,^;^). There is 
an open neighborhood U of Ijvfa in U{M2) such that 

(/3(w*e^,u) iy9(e';) 7^ Vi e {1, . . . , fc — 1}, u ElA . 

Note that {e'j^, . . . e^_]^, u*e'f.u, u*e'^ , ^^m} C M^ is elementary for all u Cz U. Set 

Ti :— {u €ll \ip{u* e'f._^.lu) ± (p{e'j)} for i = 1, . . . , fc— 1 and J^ :— IJiJi -^i; then 
the J^i and J-' are closed in U. lilA\J- was empty, this would mean 

ip{u* e'kj^-^u) 1. tf{e'i) Vu eU ; 



but then by Lemma 1.3.8 and Remark 1.3.9 we would have (^(e^ + e^,^]^) _L fie'i) 



a contradiction to (p{e'f,) p>{e'i) 7^ 0. 

So let Vi :— U\!Fi] just as above we obtain that V2 := Vi\J^2 niust be nonempty. 

Inductively we get that V := U\T 7^ 0. V is open in U{M2) and we have 

¥>(u*e'fc+iu) v^(e^) 7^ Vu e V, ?: e {1, . . . fc - 1} . 

Choose some m G V and set e" := u*e'jU, j — k, k + I. It might still happen 
that ip{e'^) ± (p{e'l^i). To fix this, identify M2 with {e'^^_^ + e'l)Mrie[_^ + e'l). 
There is an open neighborhood Z//' C U{M2) of 1m2 such that <p{e'j) p{u* e'i,_^u) , 
ip{e'l.^-^) ip{u* e'i.^iu) , tp(u* e'l.u) ip(u* e'l._-^u) and ip(e.[) p{u* e'l^u) are all nonzero 
for i = 1, . . . , fc — 2 and u G U' . 
Now there must be a nonempty open subset V" C W such that 

^(u*e','w)^(e;!+i)^OVuGV', 



for otherwise again by Lemma 1.3.8 und Remark 1.3.9 we would have ip{e'k_i) -L 



<^(e'fc'-l-i), contradicting our construction. Choose some u G V and define 

Ek+i := {e'l, . . . , e'k_2, v*e'^_^v, v*elv, e'^^^} , 
then Ek+i is elementary by construction, |i?fc+i| = fc + 1 and we have 

ip{e) ip{e) 7^ Ve, e G Ek+i . 
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Induction then yields an elementary set Er with the desired properties. □ 

3.15 Remarks: (i) The lemma might also be read as follows: Let tp : Mr -^ A 
be c.p.c. with ord(^ < n. Then oidip = Oorr<n+l. 

(ii) If A is commutative, then we always have r < n + I, since ord ip = if and 
only if 7' = 1. 

3.16 Lemma: Let Oi, . . . , a^ G M„ be positive elements with ^ a^ < 1 and 
||a,|| > ^. ThenkKn. 

Proof: 1 ^ tr(l) > tr (E,«.) - E.tr^) > iEJI«dl > ^ ^ ' ;iTT = ^ITT' 
so fc < n + 1 . □ 

3.17 Lemma: Let I'C he a natural number and (3 > Q. Then there is a > 1, 
such that the following holds: 

Given projections qi, ■ ■ ■ , qk, k < K , in a C* -algebra A with \\ Ei qi\\ < Oi, there 
exist pairwise orthogonal projections pi, ■ ■ ■ ,Pk (^ A satisfying 

\\Pi~qi\\ < f3, i=l,... ,k. 

V II Till 9* II — 1 ' then the qi already are pairwise orthogonal themselves. 
Proof: For any a > 1 and for i G {1, . . . , fc} we have 



^qi] qi < qi \^qi] qi - qi < (a - i)gi , 



therefore 



*X]* - ^M X!^' 



V 1 / 



< (a - 1)2(25 



Now inductively construct pairwise orthogonal projections pi and Si > 0, such 
that 

\\Pt-qt\\ <5i,i = l,...,k. 

First define pi := qi , 6i := 0. Next suppose pi, Si, I = 1, . . . ,i — 1 already are 
constructed. We then have 






i-l 



- k»E(^'^*) + k*E* 



i-l 



i-l 



Corollary l.S.E now yields a projection pi _L Ei Pi with 



IIk-*II <uij2Si + 5] -.= 6, 
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Obviously 6i < j3 for i = 1, . . . , /c, if a has been chosen small enough. D 

3.18 Proposition: Let X he locally compact and second countable. Then 
diniX = cpr(Co(X)). 



Proof: cpr(Co(X)) < AvcaX by Proposition 3.5, so we have to show dimX < 
cpr(Co(^)). Unfortunately, the proof is a little technical, so we briefly sketch 
the strategy: 

Given an open covering {U^)t of X, choose a refinement (Vx)a, where the V\ are 
sufRently small. Take a partition of unity {h\)\ subordinate to (Vx)a and a c.p. 



approximation (Fjip^ip) with ordip < cpr(C(X)) for the h\. By Lemma 3.14, 
F must be a direct sum of matrices of rank no larger than cpr {C{X)) + 1. On 
suitable subsets of A one now can introduce equivalence relations to combine the 
Vx to a new open covering (V, ), which still refines {Uj)r- One can use Lemma 



3.17 and the special properties of (F^ipjip) to produce a refinement (VF ) of 



(K ), the order of which is less than or equal to ord(y9. Then (W ) will be 
the desired refinement of {U^)r- 

X is seco nd c ountable, thus X — [Jf^Am for compact subsets Am C X. By 



Proposition |3.9| we have cpr {C{Am)) < cpr (CoiX)) Vm. Now if we can s how 



that diniA„i < cpr(C(Am)) we are done, for the countable sum theorem 2.3 
then yields dimX < limdim(A„i) < cpr {Co{X)). 

Therefore we may assume X to be compact (and second countable); in particular 
we may choose a metric d on X. Set n :— cpr {C{X)). 

Choose a partition of unity {f'y)r subordinate to the given (finite) open cover- 
ing {Uj)r oiX. Set e := |i| , then there exists a.5 > 0, such that 1/7(2;)— /7(y)| < 
e V7 g r and x,y G X with d(a;, y) < S. 
Again because X is compact, there exists a finite open covering (Va)a with 

r 

diam(FA) < - — — - VA G A; 
3(n+ 1) 

let (/ia)a be a partition of unity subordinate to (Vx)a- 

We have to define some constants: 
First set C := „, ^, ,^ , B :— ^ — ., -^, ,, . Then choose 1 < a < 22+2 g^g -^^ 

2(n+l) ' ' 2 4(n-f 1) — n 

Lemma |3.17| (with K = n+\) and define ^ := i, 77 := (1 - i?)f . Note that 



5 ( "'^ ^ riT2 ) ^ nT2 ■ Take a c.p. approximation (F, ?/', "ys), ord(p < 
, within »y for (EagA' ^^a | A' C A}. Then F = i^i ® . . . -Fk, F, = M^^., and 



R. — hdl < _ 
C 2—2 



by Lemma 3.14 we have r, < n + 1, j = 1, . . . ,m. Let Ij be the unit of Fj and 



V'j be the j'th component of ij). Now define 

A,:^{xeX\^{lj){x)>C} 

and 

A, ■.= {\ek\Vxr\ A, ^ 0} . 
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Denote by ~j the equivalence relation on Aj generated by the relation 

Ai -J- A2 ^=^ Vx, n Vx, n Aj ^ 0. 

Let a'- , . . . , A^**^ C Aj be the equivalence classes with respect to ~ ^ , then 

Set t//) := Ua6aW VxHA,, i = 1, . . . , s^-; then A, C U. VJ"^ and VJ^'^nVJ'^^ = 
0, if^l^^2. 
Setting hf := EagaO ^^' ^^ ^^ve |](/?V(/if ) ^ hf\\ < tj and /if (a;) = 1 for 

< 1 — hj (x) + r] ~ 1] . 



X e V^-^*-*. It follows that 



Define g := g-di'^jihj' )) G i^j (cf. 1.3.1 ); g is a projection and for x € V. 



we obtain: 



W^ 



^(l-z?)-^(l,-qf)(x) < 77 

^ ^{l,-qf)ix) < -^^|vxeF/^ (*) 



We have 



E'^f <^-E^.('^f)<^-i. = -i.> 



z— 1 



so by Lemma 3.17 (and by the choice of a) there are pairwise orthogonal pro- 
jections pf , . . . ,pf ^ G F, with \\pf - qf\\ < p, i ^ 1, . . . ,s,. 
We are now prepared to define 

W^'^:={xeX\^{pf){x)>C}cAr, 

we will show that (W ) 3=1.... ,m is an open covering that refines {U^)r- Clearly, 

1=1,..- ,Sj 

the M^ are open. By Remark 3.2 (ii), the order of (W ) is less than or equal 
to n, because ordiy9 < n. 

(W^'^) covers X: 
Let X be in X. Ip can be decomposed into sums of orthogonal projections: 



1-= E ^?+E i.-E^i 

3 = 1 rm j = l \ i=l 
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since ord(p < n, for at most n + 1 projections of the form p^* or (1^ — X^jPi ) 
fiPj ){^) or V i^j ^ '^iPj ) (^) '^^^ be nonzero (again we used Remark 3.2 

(ii))- 



Now for all i, j we have (p{lj — X^iPi )(^) — ^- this is clear if a- ^ Aj; if 
X £ Aj, then x G V. for some i' , but then (Q) yields 

^ (i. - E^f ) (-) ^ ^(1. - p'')(-) < T^ + ^^ = ^ < ^ ■ 

We also have \ip{lF)ix) — 1| < ry, thus for at least one p^ we obtain 



^(») ov,^ ^u/(*) 



i.e. X € W- ■^ and {W^ ) is a covering. 
It remains to check that (W ) is a refinement of {Uy)r- We first show W C 

Be X e M^ . Then a; € ^j, thus x G K for some i' . If i ^ i', then again (R) 
gives 

C < ^(pf )(x) < ^(1, - pf ))(x) ^<' I + I = C , 

a contradiction, so i = i' and a; S V. . 



Next we show d(a;, y) < 6 for a;, y G y. 
Suppose there are x,y € K with d(a;, y) > 5. Recall that 

y«^ U v,nA, 

AeA<." 



Ai) 



and that A^ "^ C A is an equivalence class with respect to ^j. This means there 
are Ai, . . . , Af e Ay' such that x e Va^, y G X6vt and 

But diam(VA) < j,J,i) VA, thus for k ~ 1, . . . ,n one can choose Xk € ^ j 

such that 

kS S k6 

< d{xi,Xk) < 



n+1 3(n+l) ~ ' ' - n+l' 

Setting xq := x, Xn+i := y, one obtains xq, . . . ,Xn+i £ V^^ with d(a;fej,a;fc2) > 

2S 
3(n+l) 



(^iffci^fc2. Set 



Afc := {A e A I a;fe e Va}, /ifc := ^ /ia, fc = 0, . . . , n + 1 , 

AeAfe 
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then Afej^ n A^^ = if fci 7^ ^2, because d{xki,Xk2) > 3(n+i) ^^'^ diamVA < 
^ TT' ^° ^k ^k < J2a 'iA- Also, hk{xk) = 1 and \\ipijj{hk) - hk\\ < Vi thus 



3C 

< ipilj){xk) - ip{i>j{hk))ixk) < V- 
But Xk G Aj, therefore (p{lj){xk) > C; altogether we obtain: 

ip{lj){xk) -rj < (p{ipj{hk)){xk) < \\il^j{hk)\\ ■ (p{lj){xk) 



UAhk)\\<^^^^<%<^^,k^O,. 



1 . 



We thus have |jV'j(/ijt)|l > ^j4^, furthermore 

n+l 

fe=0 AgA 

But Vi (hk) e Fj = Af^^ , fc=:0, ... ,n + l, and r^ < n + 1, so ^ > :p^ . Now 



we can apply Lemma 3.16 to obtain n + 2 < Vj. On the other hand, ord(/9 < 71, 
so in particular ord((^|Mr ) !i "■ Then by Remark 3.15 we have r^ < n + 1, a 



contradiction. Therefore d(x, y) < 6. 

Finally it turns out that V C U^ for some 7 e F: Take x G V. , then there 
is 7 e F such that fj{x) > t^. Then for any y G V we have d{x,y) < S, 
therefore \fj{y) — ff{x)\ < e, and f^{y) > j^ — e = 0, so y G Uj. But this 
means V^ cUj. 

Thus we have shown that (PF )i=i,....,n covers X, is of order less than or 

i=i.-..,sj 

equal to n and refines (C/^)r. Therefore, diniA < n. □ 

4. The zero- dimensional case 
4.1 Maps of strict order zero 

Of course it is an important question what it means for a map to be of strict 
order n. Below we explicitly describe maps of strict order zero. 

4.1.1 Proposition: Let A.F be C* -algebras, F = M^^ © . . . ® M^^ finite- 
dimensional and If : F —I- A a completely positive contraction of strict order 
zero. 

a) There are closed subspaces Xi, . . . ,Xk C (0,1] and an isomorphism a : 
C*{ip{F)) ^ 0j^Co(A„M^J such that 

aoLp{yi)[ti) = ti -yi 

for ti e Xi and yi S Af,.. C F . 

b) If ip{lp) is a projection, then ip is a ^-homomorphism. 
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c) For 5 > Q there is ^ > such that the following holds: 

If \\ip{1f) — "^(If)^!! < 7, then there is a *-homomorphism ip' : F —^ A such 

that \\lp' - ip\\ < S. 

4.1.2 Remark: With the identification Co{Xi,Mr-) — Co{Xi) (g) Mr-, in a) we 
could also write 

fc 

aoip = ^h,® idM,-. , 

1 

where hi denotes the identity map on Xi. 

Proof: (of [4.1.l| ) 

a) (i) Since ord(/7 = 0, we have (p{Mr-) -L (p{Mr^) for i ^ j, thus C*i(p{F)) = 
0]^ C* {ip{Mr^)) and we may assume F = Air for some r g N. Further we may 
assume that A = C* {(p{Mr)) and that A C B{II) acts nondegenerately on some 
Hilbert space H. Then in particular the support projection of h :— ip{lMr) i^ 
1h- (If ip is the zero map, then the closed subspace X of (0, 1] will just be the 
empty set and there is nothing to show.) 

(ii) [h, (p{x)] = Vx e Mr'. It suffices to consider a; > 0. But then a; = Ai • ei + 
. . . + Xr-er for some elementary set {ei, ... , e^} C Mr and < Ai, . . . , A^ < ||2;||- 
Now h — ip{lM,.) — X)i f{^i)i ^^d since ip{ei)ip{ej) = for i ^ j, we see that 
hip{x) = ip{x)h = Y, K^idiY- 



(iii) Lemma 1.1.3 says that (f{.) = h2a{.)h2 for some u.c.p. map a : Air 



B{H), but a glance at the proof tells us that in fact 

+ i • Iff j ' ^{x) (h+^- Iff ) ' ^^ C7{x) Vx e Air ■ 

We obviously have [/i, ct(x)] = Vx G Mr- 

Note that order = 0: Take rank-one projections e _L / e Air- Since supp h — Iff, 

we see that 

a{e)a{f) = ^^ ha{e)a{f)h = 0, 

but 

h(j{e)a{f)h = h^-a{e)h^h^a{f)h^ = f{e)'p{f) = 0, 

because ord(^ = 0. 

Using the universal property of the maximal tensor product and the fact that 
C*{h) a.ndC*{(j{Mr)) commute, it is straightforward to check that C*{ip{Mr)) = 
C*{h) (S) C*{a{Mr)) and that, under this identification, (p{x) = h(S) a{x). 
Note that C*{h) is a quotient of Co((0, 1]), the universal C*-algebra generated 
by a positive element of norm < 1; so C*{h) = Co(X) for some closed X C (0, 1], 
and the isomorphism is given by sending h to idx- 

(iv) The only thing left to show is that cr is a >i=-homomorphism, for then 
C*{(7{AIr)) = a{AIr) = Air and with all these identifications f is given by 
X I— > idx ® X. 
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For any rank-one projection e € Mr we have cr(e) _L cr(lM^ — e) because 
order = 0; now since (t{1m,.) = Iff is a projection, so is (j{e). But then by 



Proposition 1.1.6, a{ex) — ij{e)a{x) Vx € M^; since e was arbitrary and M^ is 
spanned by its minimal projections, a is multiplicative on all of M^. 

b) If (/3(1f) is a projection, then so is LpilM^.) for each i (the (/3(lAfrJ are 
mutually orthogonal and add up to lp{\f))- But then we have for each ti e Xi 

which implies that ti — 1 and X^ = {1} for all i for which X^ 7^ 0, and this in 
turn means that ip is a, >i=-homomorphism. 

c) We will obtain Lp' from p by setting 'p'{.) := c(^( . )c for a suitable element 
c e C7*KF)) = 0jc*((^(M,J). Then ||</.' - </7|| = max,=i,... ,fc ||</7^ - </.J, 
where ipi = ipIm^. and (y9^ = ip'\M^.- Note also that tpU-) = Ci(pi{.)ci, where 
Ci G C*(</5(Mr.)) is the i-th component of c. We may therefore again assume 
F = Mr for some r e N. 

Now suppose ||(/7(1a/^) — (/ ?(1m^ )^| < 7 (it will soon become clear how small 7 



has to be). By Proposition 1.3.5 there exists a projection p S C* {ip{l m^)) C A 
satisfying \\p - (^(1a/J|| < 27. For c := {pip{lM^)p)~^^'^ G C*((p(1mJ)+ we 
have p — cip{lM,.)c and ||p — c\\ < 47. 

Let d G (pAp)-|_ be another element with (P = {pif(lM,.)p)^^ , then by unique- 
ness of the inverse tP — c^ and d — (d^)^/^ = (c^)-^/^ = c. 

Now define Lp' : Mr -^ pAp as above by p' {x) :— cip{x)c. Then ip'^lM^) = 
p and \\(p' — (fiW is small, because \\c — ip{lM^)\\ < 67 and because for x G 
{AIr)+, \\x\\ < 1, we have 

Mx)~p{UuMx)f = \\{l-pilM^))ip{x)^{l^ip{lMM 

< ||(l-^(lMj)^(lAfJ(l-^(lA/J)|| 

< 7 ■ (*) 
Therefore 

\\f'{x)-ip{x)\\ < \\cip{x)c~ip{lMj'p{x)ip{lM^)\\ 
< 127 + 275 . 

Thus, if only 7 is small enough, we have \\(p' — (p\\ < 5. 

Let {ei, . . . , Br} C Mr be some elementary set, then J2^i — Im^ and ip{ei) _L 
p{ej), i y^ j, and for every positive continuous function / one has f{(p{ei)) _L 
.f{ip{ej)) ,i^j and f{ip{lM,)) = J2fMei)). 

Using (y) one obtains 

\\ip{ej) - p{ejf\\ < Mcj) - ip{lM,Mej)\\ + |1(v?(1mJ - (p{ej))(p{ej)\\ 
< 7^ +0 , 
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so again the ip{ej) are close to (pairwise orthogonal) projections pj. 

Set Cj :== {Pjip{ej)pj)-^ e PjApj, then CjV?(ej)cj = pj, j = 1, . . . ,r. Again 
Ci _L Cj , i ^ J . Furthermore 

r r / '" \ 

and setting d ;= ^^ Cj, one has d(p{lMr)d = P- 
But d and 1^9(1^/^) commute, so (P = (pip{lMr)p)^^ ^^d d = c. It follows that 
v'i^j) = cLp{ej)c = dip{ej)d = Cj(p{ej)cj = pj 
is a projection, and that (p'{ei) _L (p'{ej) \i i ^ j. 

The ej were arbitrary, therefore ord(/3' = 0. Furthermore, 1^9' (Ia/^) = X^iPi i^ 
a projection, so ip' is a *-homomorphism by b). □ 

4.2 Completely positive rank zero 

In this section we will be concerned with the case where the completely positive 
rank is zero. As it turns out, cpr A = if and only if A is an AF algebra, i.e. a 
direct limit of finite-dimensional C*-algebras. 

4.2.1 Recall Bratelli's local characterization of AF algebras, which is indepen- 



dent of a special sequence of subalgebras (cf. |Bi] or |Da|, Theorem 3.3.4): 

Theorem: A separable C* -algebra A is AF if and only if it satisfies the 
following condition: 

(*) for all e > andai, ... , a„ S A there is a finite- dimensional C* -subalgebra 
F d A such that dist(ai, F) < s for i — 1, . . . ,n. 

4.2.2 It is well-known that a commutative C*-algebra A is AF precisely when 
dim A = 0. In Theorem 4.2.3| we show that this remains true in the noncom- 



mutative case if one replaces the covering dimension of the spectrum by the 
completely positive rank of the algebra. 

That only AF algebras are zero-dimensional seems to be a very special feature 
of the completely positive rank (in comparison, for example, to the real rank or 
stable rank, cf. Section 5). 

However, one would expect from any dimension theory generalizing covering 
dimension to noncommutative C*-algebras that it is zero on AF algebras: This 
is because, topologically, a full matrix algebra might be viewed as a point (or, 
more sophisticated, as n equivalent points) ; so an AF algebra is something like 
a limit of finite discrete (noncommutative) spaces. Thus if a dimension theory 
has sufficiently nice properties, it should be zero on AF algebras. 
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4.2.3 Theorem: For a nonzero separable C* -algebra A the following are 
equivalent: 

a) A is AF 

b) cprA^O. 

Proof: a) ^ b): cprF = for every finite-dimensional C*-algebra F. By 



Proposition 3.11 cpr A — for an AF algebra A. 

b) ^ a): The idea of the proof is simple: We have just seen that a unital 
c.p. map if : F ^ A of strict order zero in fact is a *-homomorphism. If it is 
almost unital, it is close to a *-homomorphism. Problems only arise when A 
has no unit. But in this case F may be chosen to contain a sufficiently large 
hereditary subalgebra on which tp is close to a *-homomorphism. Thus we can 
find enough finite-dimensional subalgebras of A; using the local characterization 



of AF algebras (Theorem 4.2.1) this implies that A in fact is AF. 

Take ai, . . . , a^ G A+, S > 0, e > 0, {u\)\ a positive approximate unit for A 
with ||ai|| , ||wa|| ^ 1- By making e smaller if necessary, we may assume e^'"* < 7, 
where we obtain 7 from 6 by Proposition |4.1.l| c) . 

If we choose u\g, u\^ with \\uxgU\-^ — waJI and \\u\.ai — ai\\, j = 0,1, suffi- 
ciently small, there is a c.p. approximation (_F, '0,(/)), with ovdip — and the 
following properties: 

(i) \\(ptp{ai) - a^W < £, ^ 

(ii) |lc^V(uA,)-UA,|| < e, \i = l,... ,k, j ^0,1 

(in) \\ipilj{uxj)a^ - ai\\ < e , J 

(iv) ||wai - hux^W < s , where h := <^(1_f) , 

(v) \\ipilj{uxi) - W'(wAi)|| < £ , 

(vi) ip{p) _L (p{q) for orthogonal projections p, q G F . 

For (i), (ii), (iii) we approximate the a^ and u\. su fficiently well by {F,ip,ip), 



for (iv) and (v) in addition we use Proposition 1.3.4; (vi) follows from the fact, 
that ord 9? = 0. 

We have 4'{u\^) ~ ^^/ifcCfc, where < /ifc < 1 and {ei,... ,6^} C i^ is 
elementary. Set q :— ^ > /^e/c, then 

fiO-) = Y] Vi^k) < -^fipiux,) , 
ij,k>\/s 

and 

Lp{q) > ifip{ux,) - Ve-1 . 
Here, 1 denotes the unit of A+. Then 

\Mq)~h^iq)\\' = \\{l-hMqfil-h)\\<\\il~hMq){l-h)\\ 

< -^\\{1 - h)ip^P{ux,){l - h)\\ < ^ = y^ , 

so \\<p{q) - h<p{q)\\ < ei. 
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We now have 



Mq)-V{qf\\ < Mq)-^{q)h\\+Mq){h-^{qm 

= Wfiq) - 'p{q)iA\ + \\'p{q)'p{'^F - q)\\ 



Now define F' := gi^g; then q = li?/ and by Proposition 4.1.1 b) there is a 
*-homoniorphisni ip' : F' ^ A such that \\(p' — (p\f'\\ < ^- Clearly, f'{F') C A 
is a finite-dimensional C*-subalgebra. 

It remains to be shown that a^ is close to (p'{F') for i = 1, . . . ,k. We have 

\\ai - aiip{q)\\'^ = \\ai{l - ip{q))'^ ai\\ 

< \\ai{l - ip{q))a^\\ 

< ||a^((l + Ve)-l-'^V'(MAj)a»|| 

("') r- r. r- 

< Ve + e < 2Ve ■ 

Using \\(p{q) — (p{q)^\\ < e* and Proposition ll.l.q we obtain 

\\f{qil'{at)q) - (p{q)(fil;{a^)ip{q)\\ < 2es . 

Therefore 

\\ai - 'P{q-ip{ai)q)\\ < ht ~ (piq)a^(f{q)\\ + \\(f{q)a^(p{q) - lp{q)<p■^l;{a^)|p{q)\\ 
+ \\v{q)<f4'{at)(p{q) - <f{q■^l;{a^)q)\\ 
< 2-\/2£3 +e + 2e5 . 

Furthermore \\ai — ip' {qip{ai)q)\\ is small, because \\tp' — p\\ < S, so a^ is close to 



But then by Theorem 4.2.1, A is an AF algebra. □ 



5. Other concepts of noncommutative covering dimen- 
sion 

There are several other concepts of noncommutative covering dimension, among 
which the stable and the real rank (introduced by Rieffel and by Brown and Ped- 
ersen, respectively) are of special interest. Below we describe these notions and 
some of their properties; furthermore we briefly comment on Lin's tracial rank 
and on Murphy's analytic rank. All these (definitely different) concepts of cover- 
ing dimension in some sense illustrate various points of view on noncommutative 
topology, which are very closely related in the commutative case. 
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5.1 Stable and real rank 



5.1.1 Definition: (cf. |Ril|, Definition 1.4 and |BP[1, Section 1) Let A be a 
unital C* -algebra. 

(i) The stable rank of A is less than or equal to n, sr A < n, if the following 
holds: 

(*) For each (n + l)-tuple (xo,... ,a:„) G A^^^^ and every e > there is 
an {n + l)-tuple {yo, . . . ,?;„) G A^^^ such that '^y'^yk "is invertible and 

J2\\^k -VkW < S. 

(a) The real rank of A is less than or equal to n, ri A < n, if (*) holds with the 

additional condition that the Xi and yi are in Asa ■ 

If A is non-unital, define st A :— sr A"*" and ir A := rr A"*". 

5.1.2 Whereas tire notion of the completely positive rank is modelled after 



Definition 2.1, the above definition is inspired by the characterization of covering 



dimension in |Pe|, Theorem 3.3.2. Both concepts generalize covering dimension 



(cf. |Ril|, Proposition 1.7 and |BP|, Proposition 1.1): If X is a compact space, 
then sr(C(X)) = [(dimAr)/2] + 1 (where [s] denotes the integer part of s) and 
rr(C(A:)) = dimX. 

The stable rank does not directly generalize covering dimension. However, 
one of Rieffel's original motivations for introducing this notion was to obtain 
stability results for C* -algebra /iT-theory analogous to those of topological K- 
theory. These classical results often involve terms of the form [(dimX)/2] + 1. 
So, from this point of view, the stable rank is an appropriate analogue of covering 
dimension. 

5.1.3 Stable rank behaves nicely with respect to ideals, quotients and inductive 
limits, whereas the behavior under taking matrix algebras is rather surprising 



(cf. [Ril|, Theorems 5.2 and 5.4): For any r e N we have 

si{Mr{A)) ={(srA-l)/r} + l, 

where {s} denotes the least integer greater than s. Furthermore we have sr (A® 
/C) = 1 if sr A = 1; otherwise sr {A ® JC) — 2. Also, it turns out that xi A < 
2-stA-I. 



5.1.4 Examples: (cf. [Elil| and [ |BP| |) All AF algebras have stable rank one 
and real rank zero; von Neumann algebras have real rank zero. The irrational 
rotation algebras and the Bunce-Deddens algebras have real rank zero and so do 
the Cuntz algebras 0„ and, more generally, all simple purely infinite C*-algebras 
(cf. | pul| ). In contrast, every unital C*-algebra containing two isometries with 
orthogonal range projections (in particular each simple unital purely infinite C*- 
algebra) has infinite stable rank. In view of this it might be a little surprising 
that the Toeplitz algebra has stable rank two. If a is an automorphism of the 
C*-algebra A, then sr (A x„ Z) < srA + 1. 

5.1.5 It is natural to ask how the (strong) completely positive rank is related 
to the stable and real rank. 
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So far, in all our examples the real rank is less than or equal to the completely 
positive rank. 

We have also seen that stable and real rank both break down under taking 
matrix algebras. The completely positive rank behaves very different in this 



respect, since, as we shall see in |Wi], cpr {Mr (g)C(X)) = cpr (C{X)){^ dimX). 
These observations suggest the following 

Conjecture: For any C* -algebra A, ii A < cpr A. 

5.2 Tracial rank 

For recent development in classification of nuclear C* -algebras tracially AF and 



tracially AI algebras (introduced by Lin in [Lil|) have been of certain interest 



In |Li2|, Lin has given a notion of covering dimension closely related to these 
concepts. 

5.2.1 Denote by J^'^' the class of all unital C* -algebras which are hereditary 
subalgebras of C*-algebras of the form C{X) (g) Mr, where X is a fc-dimensional 
finite CVF-complex. 

A unital C*-algebra A is said to have tracial rank less than or equal to k, 
ti A < k, if for any e > and any finite subset G C A there is a C*-subalgebra 
B e /C^) of A such that 

(1) ||[x,ls]|| <£VxeG, 

(2) dist{lBxlB,B) < e Va; e G, 

(3) 1a — 1_B is small in an appropriate sense. 

The exact formulation of (3) uses comparison theory and is a little technical. 

5.2.2 For a compact space X, tr (C{X)) — dimX. Furthermore, if J < A is an 
ideal, then tr {A/ J) < tr A; if B Cher A is a hereditary G*-subalgebra with unit, 
then tr i? < tr A. 

5.2.3 It turns out that irrational rotation algebras and Bunce-Deddens algebras 
have tracial rank zero. On the other hand, Blackadar's unital projectionless C*- 
algebra has infinite tracial rank. These examples in particular show that neither 
the tracial rank nor the completely positive rank dominates the other and at 
the present stage we do not know how these concepts might be related to each 
other. 



5.3 Analytic rank 



In [ Mu3] Murphy introduced the analytic rank, another notion of covering di- 



mension for C* -algebras, the topological analogue of which is defined directly 
in terms of the continuous functions on a space. Below we give the definition 



and some sample results (see |Mu2| for details). 

5.3.1 Definition: (i) Let A be a unital C* -algebra, B d A a C* -subalgebra. 
B is said to be analytic, if 1a (^ B and if for each a Cz As 
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matically a G B. 

For a subset S d A denote by A[S] the smallest analytic C* -subalgebra contain- 
ing S. If S d Asa o.'^^d A[S] = A, then S is said to be an analytic base of A. 
(a) The analytic rank of A does not exceed n, ikA < n, if A has an analytic 
base consisting of n elements. 

5.3.2 Note that, in the commutative case, this definition coincides with the 
"classical" analytical rank, cf. |Pq|, Ch. 10.4. If X is a compact metrizable 



space, then rk(C(X)) = dimX (|P^], Proposition 10.4.21). 

5.3.3 If {A\)a is a family of unital subalgebras of A such that IJ^ A\ generates 
A, then rkA < X]a'^'^(^>)- As a consequence, rk(Ai 0^2) < rk (Ai) + rk (A2). 
Similar results for the other notions of noncommutative covering dimension, it 
seems, would be hard to obtain. 

If {A, G, a) is a C* -dynamical system with G a countable discrete abelian 
group, then rk ( A x „ G) < rk A + dim G. 

For any unital C* -algebra and any r > 1, Tk(Mr{A)) = 0; in particular, ana- 
lytic rank zero does not pass to hereditary subalgebras, whereas it is preserved 
under inductive limits. 

If rryl ~ 0, then rkA = 0. li A is generated by n (partial) isometrics, then 
rkA < n, so for the Toeplitz algebra T we have rkT = 1 (the rank cannot be 
zero since T has a one-dimensional quotient). For the full group C*-algebra 
C*(F„) we obtain rk(C*(F„)) = n. 

Note that, despite its rather strange behavior in some respects, e.g. under 
taking matrix algebras, the analytic rank can have reasonable values also for 
non-nuclear C* -algebras, like C*(F„). 

Although for all our examples the analytic rank is smaller than the completely 
positive rank, we do not at all have a general result. 

6. Some open questions 

6.1 For locally compact spaces X and Y, we have 

cpr (Co(X X Y)) < cpr (Co(X)) + cpr (Co(U)). 

One might expect a similar behavior for more general C*-algebras. However, it 
seems a little daring to write down a formula like 

cpr {A^ B) < cpr A + cpr B, 

for at the present stage the almost only body of evidence is the lack of coun- 
terexamples. We do not even have a satisfactory answer in the cases where one 
of the factors is commutative or just a matrix algebra, although it seems likely 
to be true that cpr {Mr{A)) < cpr A; this indeed is the case if cpr A < 1 or if A 



is simple, as we will show in |Wi|. But then still the question remains in which 
cases we even have equality. 
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6.2 Using the countable sum theorem 2.3 it is not hard to see that, for an 
open subset L'^ of a second countable locally compact space X , we have dim U < 
dim X. This provokes the following question: If A is a C*-algebra and B Cher A, 



do we have cpr B < cpr A7 In |Wi| we show that this is true at least if B is an 
ideal of A. 

6.3 So far all examples for which we were able to determine the completely 
positive rank, were (stably) finite. It is natural to ask wether infinite C*-algebras 
can have finite completely positive rank. In particular, what values do we obtain 
for the Toeplitz algebra and for the Cuntz algebras? 

One can describe concrete systems of c.p. approximations for the On and for 
T, however, we did not succeed in finding one where the order of the (p's is 
bounded. 

6.4 If G is an amenable group, then the natural surjection C*{G) -^ C*{G) is 
an isomorphism and the group C* -algebra is nuclear. Unfortunately, it is not 
clear how to obtain c.p. approximations for C*{G) systematically (depending, 
for example, on a left invariant mean on G), so we do not have general results 
on the completely positive rank of group C*-algebras. Of course, if G is abelian, 
then C*{G) = Co{G), so cpr iC*{G)) = dimG. 

6.5 If {A, G, a) is a G*-dynamical system with A nuclear and G amenable, then 
the crossed product A Xq, G is nuclear, but again we do not know how to obtain 
c.p. approximations in a systematic way. 

If G is abelian, then A Xq, G is often regarded as a generalized "skew" tensor 
product of A and C*{G) = Co(G). One might ask if there is a formula like 

cpr (A XaG) < cpr A + dim G. 



This is not true, for Blackadar in [B12| has given an example of a crossed product 
of an AF algebra with a Z2-action, which is not an AF algebra. Note that, 
because of a different counterexample, the above estimate also fails for the real 
rank (cf. p^). 



In the case of the irrational rotation algebras we know the completely positive 
rank because Ag can be written as a limit of circle algebras. More generally, 
consider C{M) x1q,Z for some smooth manifold M and a minimal diffeomorphism 
a of M . Using a characterization of crossed products of this form recently given 
by Q. Lin and N. C. Phillips it seems to be possible to show that 

cpr(C(Af) x„Z) < dimM. 

6.6 Covering dimension is a topological invariant which is defined via intersec- 
tions of the members of open coverings, and in this respect it is related to Cech 



(co)homology (cf. |E£|). One of the original reasons for introducing yet another 
notion of noncommutative covering dimension was it, to find out how something 
like a Cech cohomology for nuclear G*-algebras (based on c.p. approximations) 
could possibly be constructed. 



Of course one should not expect such a theory to be too well-behaved. In |Cu2], 
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Cuntz has shown that a covariant functor from C*-algebras into abehan groups 
with sufficiently nice abstract properties cannot avoid being iiT-theory (at least 
on a large subclass of C*-algebras). The main point of the argument is, that 
such a functor must be Bott periodic, which in turn is based on a sophisticated 
use of the Toeplitz algebra. 

There still might be some hope to obtain a notion of Cech cohomology at least 
for (a subclass of) finite C*-algebras. But even then it follows from Loring's 



AF-embeddings of the rational rotation algebras (cf. |Lo|), that such a functor, 
if it has some (rather weak) abstract properties, cannot be too well-behaved 
either. In particular, it will not admit a Chern character which restricts to 
filtration by dimension in the commutative case. 



References 

[Ar] Arveson, W.: Notes on extensions of C* -algebras, Duke Math. J. 44 (1977), 
329-355 

[BKl] Blackadar, B. and Kirchberg, E.: Generalized inductive limits of finite- 
dimensional C* -algebras, Math. Ann. 307 (1997), 343-380 

[BK2] Blackadar, B. and Kirchberg, E.: Inner quasidiagonality and strong NF 
algebras, preprint (1995) 

[BU] Blackadar, B.: A simple unital projectionless C* -algebra, J. Operator The- 
ory 5 (1981), 63-71 

[B12] Blackadar, B.: Symmetries of the CAR-algebra, Ann. of Math. (2) 131 
(1990), 589-623 

[BD] Bunco, J. and Deddens, J.: A family of simple C* -algebras related to 
weighted shift operators, J. Functional Anal. 19 (1975), 12-34 

[BP] Brown, L. G. and Pedersen, G. K.: C* -algebras of real rank zero, J. Func- 
tional Anal. 99 (1991), 131-149 

[Br] Bratteli, O.: Inductive limits of finite- dimensional C* -algebras, Trans. 
Amer. Soc. 171 (1972), 195-234 

[CEl] Choi, M. D. and Effros, E. G.: The completely positive lifting problem for 
C* -algebras, Duke Math. J. 43 (1976), 585-609 

[CE2] Choi, M. D. and Effros, E. G.: Injectivity and operator spaces, J. Func- 
tional Anal. 24 (1977), 156-209 

[CE3] Choi, M. D. and Effros, E. G.: Separable nuclear C* -algebras and injec- 
tivity, Duke Math. J. 43 (1976), 309-322 

[Cul] Cuntz, J.: Simple C* -algebras generated by isometrics, Comm. Math. 
Phys. 57 (1977), 173-185 



REFERENCES 31 



[Cu2] Cuntz, J.: K -theory and C* -algebras, Springer Lecture Notes in Math. 
1046 (1984), 55-79 

[Cu3] Cuntz, J.: A survey of some aspects of non- commutative geometry, Jber. 
d. Dt. Math.-Verein. 95 (1993), 60-84 

[Da] Davidson, K. R.: C* -algebras by Example, Fields Institute Monographs 6, 
AMS, Providence, RI, 1996 

[EE] Elhott, G. A. and Evans, D. E.: The structure of the irrational rotation 
C*-algebra, Ann. Math. 138 (1993), 477-501 

[En] Engelking, R.: Dimension Theory, North HoUand, Amsterdam, Oxford, 
New York 1978 

[ES] Eilenberg, S. and Steenrod, N.: Foundations of Algebraic Topology, Prince- 
ton University Press, Princeton, NJ, 1952 

[Fr] Freudenthal, H.: Entwicklungen von Rdumen und ihren Gruppen, Comp. 
Math. 4 (1937), 145-234 

[Ki] Kirchberg, E.: On non-semisplit extensions, tensor products and exactness 
of group C* -algebras. Invent. Math. 112 (1993), 449-489 

[Lai] Lance, E. C: Tensor products of nonunital C* -algebras, J. London Math. 
Soc. (2) 12 (1976), 160-168 

[La2] Lance, E. C: Tensor products and nuclear C* -algebras. Operator algebras 
and applications 1 (ed. R. V. Kadison), Proc. Symp. Pure Math. 38 (1982), 
379-399 

[Lil] Lin, H.: Tracially AF C* -algebras, preprint (1998) 

[Li2] Lin, H.: The tracial topological rank of C* -algebras, preprint (1998) 

[Lo] Loring, T. A.: The K-theory of AF-embeddings of the rational rotation 
algebras, iC-theory 4 (1991), 227-243 

[Mul] Murphy, G. J.: C*-Algebras and Operator Theory, Academic Press, 
Boston, MA, 1990 

[Mu2] Murphy, G. J.: The analytic rank of a C* -algebra, Proc. Amer. Math. 
Soc. 115 (1992), 741-746 

[Pa] Paulsen, V.: Completely bounded maps and dilations. Pitman Research 
Notes in Mathematics 146 (1986) 

[Pe] Pears: Dimension Theory of General Spaces, Cambridge Univ. Press, Cam- 
bridge 1975 

[Ped] Pedersen, G. K.: C*-Algebras and their Automorphism Groups, London 
Mathematical Society Monographs 14, Academic Press, London 1979 



32 



CONTENTS 



[Ril] RiefFcl, M. A.: Dimension and stable rank in the K -theory of C* -algebras, 
Proc. London Math. Soc. (3) 46 (1983), 301-333 

[Ri2] RiefFel, M. A.: C* -algebras associated with irrational rotations, Pacific J. 
Math. 93 (1981), 415-429 

[Wa] Wassermann, S.: Exact C* -Algebras and Related Topics, Lecture Notes 
Series 19, Seoul National University Research Institute, Seoul 1994 

[We] Wegge-Olsen, N. E.: X-Theory and C*-Algebras: A friendly approach, 
Oxford Science Publications, Oxford Univ. Press, New York 1993 

[Wi] Winter, W.: Covering dimension for nuclear C* -algebras II, preprint 
(2001) 



Contents 



0. Introduction 



1. C*-ALGEBRA PRELIMINARIES 



1.1 Completely positive maps 3 



1.2 Nuclear C*-algcbras 5 

1.3 Some technicalities 6 



2. Topological covering dimension 



3. Completely positive rank 



9 

11 



4. The zero-dimensional case 



4.1 Maps of strict order zero 



4.2 Completely positive rank zero 



20 

20 
23 



5. Other concepts 



5.1 Stable and real rank 



25 

26 



5.2 Tracial rank 27 



5.3 Analytic rank 27 



6. Some open questions 



28 



References 



30 



